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The thermal decomposition of calcium-enriched bio-oil (CEB) was studied in air by
thermogravimetric experiments. The characteristics, to a great extent, are quite similar
to that of calcium acetate (CA). The decomposition processes can be divided into four
stages: the loss of volatile materials, devolatilization and degradation of pyrolytic lig-
nin, decomposition of organic calcium salts and residual carbon, decomposition of
CaCOj; to CaO. The activation energy values are lower than that of CA at the corre-
sponding decomposition stages. The CaCOj from amorphous CEBs exhibits the higher
calcination rate than that from CA. The actual mechanisms of the second and the
third stages obey the nucleation and growth model (Al), with integral form of F(a) =
—In(l — o). The high-porosity of calcined CEBs should be the further evidence of the
mechanism. Correspondingly, the mechanism of the fourth stage obeys three-dimen-
sional (3-D) phase boundary reaction (R3) mechanism with integral form of F(o) =
1-(1 — oc)l/ 3. ©2008 American Institute of Chemical Engineers AIChE J, 54: 1945-1953, 2008
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Introduction

There is an increasing concern with environmental problems
associated with the rising emissions of CO,, NO, and SO,
resulting from the use of fossil fuels. Calcium-containing materi-
als, mostly based on calcium carbonate and calcium hydroxide,
are the most commonly used adsorbents for in situ removal of
SO,, and consider being a simpler and cheaper method to con-
trol SO, emission in coal combustions at the power plant site.!?

Recently, some studies indicated that CaO particles
derived from organic calcium salts, such as calcium acetate
(CA) and calcium magnesium acetate (CMA) demonstrated
the unique properties with a large internal surface area for
in situ removal of SO..** However, producing the organi-
cally bonded calcium by the reactions of lime or calcium hy-
droxide with the conventional acetic acid makes these
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adsorbents more expensive than the natural ones and com-
mercial uses impossible. Recently, low-cost bio-oil, which is
usually used as renewable liquid fuel, was modified by add-
ing lime in order to produce calcium-enriched bio-oil that
contained the organically bonded calcium to be used as an
absorbent.”® The bio-oil can be obtained easily by rapid py-
rolysis of any kind of biomass in the absence of oxygen,
whereby subsequent condensation of the product vapors
yields 70 wt % bio-oil, which contain about 10 wt % acidic
content (the major acids found in it are acetate acid and for-
mic acid).”™”

For the reactions of sulfur dioxide with basic solid oxides,
a suitable surface area and high porosity of absorbents are
beneficial for the reactions. Moreover, we consider that if the
precursors of absorbents are converted easily to target basic
solid oxides, the oxides can react with sulfur dioxide for lon-
ger time to achieve a higher utilization of calcium. Conse-
quently, we investigated the experimental results of the ther-
mal decomposition of CEBs including the thermal decompo-
sition path and detailed kinetics of the reactions. To compare
the thermal behavior of CEBs with other organic calcium
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Table 1. Algebraic Expressions for f(a) and F(x) for the Most Frequently used Mechanisms of Solid-State Processes

No. Symbol Mechanism fo) F(o)
1 D1 1-Dimensional diffusion 1/Q2ar) o?
2 D2 2-Dimensional diffusion (Valensi Eq.) [—In(1—o)] ! o+(1—o)In(1—or)
3 D3 3-Dimensional diffusion (sphere, Jander Eq.) 1.5[(1—o) B—177" (1=2a/3)-(1—)*?
4 D3 3-Dimensional diffusion (cylinder, GB Eq.) 1.5(1—a)?[1—(1—o) /7! [1-(1-u)'?
5 Al Nucleation and nuclei growth (Avrami-Erofeev Eq., n=1) 1—a —In(1—o)
6 AlS5 Nucleation and nuclei growth (Avrami-Erofeev Eq., n=1.5) 3/2(1—a)[—In(1—a)]"? [—In(1—o)]¥?
7 A2 Nucleation and nuclei growth (Avrami-Erofeev Eq., n=2) 2(1—o)[—In(1—a)] 12 [—In(1—a)] 12
8 A3 Nucleation and nuclei growth (Avrami-Erofeev Eq., n=3) 3(1—o)[—In(1—x)]*? [—In(1—o)]"
9 P1 Exponential nucleation (Mample Eq.) 1 o
10 P2 Exponential nucleation (Mample Eq.) 207 o'
11 P3 Exponential nucleation (Mample Eq.) 3023 ol
12 P4 Exponential nucleation (Mample Eq.) 45 o'
13 Cl5 Power law (n=1.5) 1-m' (1—a)~ 12
14 2 Power law (n=2) (1—a)? (-
15 R2 2-Dimensional phase boundary reaction 2(1—o)'? 1—-(1—w)'?
16 R3 3-Dimensional phase boundary reaction 3(1 *0()2/3 1-(1 *0()”3

salts in the same condition, the experiment was also carried
out using calcium acetate.

Thermogravimetric analysis (TGA) is one of the most
common techniques used to investigate thermal events and
kinetics during pyrolysis of solid raw materials.>'*'? In this
method, the change of a sample mass is monitored against
time or temperature at a specific heating rate. The kinetics of
the thermal events can be determined by the application of
the Arrhenius equation corresponding to the separate slopes
of constant mass degradation. However, the determination of
the kinetic parameters for the degradation from the TGA
data strongly depends on the method of calculation.'® In this
study, the thermal decomposition experiments were carried
out using a DTG-60H thermogravimetric analyzer under air-
flow. The thermal degradation kinetic parameters, activation
energy (E,), and pre-exponential factor (A), were evaluated
by using two well-known integral methods, Coats-Redfern
and Doyle methods, which have been found to be the most
versatile integral approach method in calculating the kinetic pa-
rameters for the degradation process in nonisothermal kinetic
analysis, and can be used without prior knowledge of reaction
mechanism.'+'® Additionally, Coats-Redfern method was used
because it renders the degradation parameters, such as E,, A,
and possible reaction mechanisms.'’

Kinetic Theoretical Background

In general, the decomposition of solid polymer can be
associated with the reactions, which may be represented by
the processes of

A (solid) — B (solid) + C (gas) (1)

where A is the initial, B is the residue, and C is the gas. For
thermogravimetric analysis, the degree of decomposition
(conversion) can be calculated as follows

o= (wp—w)/(wo — w,) )
A typical model for a kinetic process can be expressed as
da/dt =k -f(a) 3)

where do/dt is the decomposition rate, k is the decomposition
rate constant, and f () is the differential expression of a ki-
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netic model function, which depends on the particular decom-
position mechanism. The temperature dependence of the rate
constant £ may be described by the Arrhenius expression

k =Aexp(—E,/RT) @

where A is the pre-exponential factor (min~ '), assumed to be
independent of temperature.
A combination of Egs. 3 and 4 leads to

do/dt = Eq/RT)f () ©)

If the sample temperature is changed by a controlled and
constant heating rate § (f = dT/dt), Eq. 5 can be changed to

Aexp(—

do/dT — %exp(—Ea JRTYf (2) ©)
Therefore, Eq. 6 is the fundamental relation to determine ki-
netic parameters on the basis of TG data. Through variable
separation and integration of Eq. 6 from an initial tempera-
ture Ty, corresponding to a degree of conversion o, to the
peak temperature, T,,, where o = oc,,, gives

fX

F(a) = / de/f () =3 / exp< RT)dT )

o0 To

where F(a) is the integral function of conversion.
The Coats-Redfern method used an asymptotic approxima-
tion for the resolution of Eq. 7 at different conversion

values."> A natural logarithmic form can be obtained
F AR 2RT E
i AR () 2RTY  Ea ®)
T? /ZE E, RT

Since in general 2RT/E, < 1, and it exhibits a small varia-
tion with T, for practical considerations it is assumed that the
term (1 —2%F) is approximately constant and equal to unity.
According to the different degradation processes, the theror-
etical functions were listed in Table 1. These functions were
satisfactorily used in the known method for the estimation of
the most probable reaction mechanisms from dynamic TG
curves.' " Thus, for a given form of F(x), the plot of
In[F(o)/T*) vs. 1/T gives a straight line whose slope and
intercept allow an estimation of the values of the activation
energy and pre-exponential factor, respectively.
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Table 2. The Physical Characteristics of Bio-Oil
used in this Study

Water Elemental analysis (wt.%)
content LHV

(Wt.%) (MJ/kg) pH C H (0] N
28 16.5 32 39.92 8.18 51.07 0.61

For comparison, Doyle method expressed as Eq. 9 was
also used in the study to determine apparent activation
energy'®

AE
—4 _5.3305 — 1.052

AR

InF(x) =In : ©)

| &
N =

Experimental
Production and characteristics of bio-oil

The bio-oil derived from rice husk was produced by fast
pyrolysis operation in an autothermal fluidized-bed reactor
with capacity of 120 kg/h in our laboratory. The characteris-
tics of the pyrolysis reactor have been described elsewhere,”®
so only the essential information was provided here. Table 2
opened up the physical property of bio-oil used in the study.
The organic acids mainly comprising acetic acid account for
about 6.97 wt % of whole bio-oil. Esters and aldehydes
which are potential sources of acids (via hydrolyzed and oxi-
dized) make up about 1.15 wt % of the whole bio-oil.
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Figure 1. XRD patterns of specimens.
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Figure 2. TG curves of specimens.

Apparatus and Procedure

Calcium hydroxide of analytical pure used in the study
was produced by China National Medicines Corporation,
Ltd., which were added into the bio-oil under stirring vigo-
rously, then ultrasonically at 60°C for 20 min to adjust the
pH to an alkaline level sufficient to hydrolyze the esters,
caused at least partial oxidation of the formaldehyde. The pH
is preferably above 7, but preferably sufficiently low as to
avoid residual unreacted calcium hydroxide in the calcium
salts. The pH of 10 and 12 were practiced in the study,
whereas the pH of bio-oil was about 3.2. The synthesized
samples were named CEBX, where X is the pH value of syn-
thesis medium. Then CEBs were evaporated in vacuo to
partly remove the majority of the water and volatile materi-
als, and then semisolid CEBs were obtained. The said CEBs
were dried at 110°C, and powdered to particles with a mesh
size of a 120 through mechanical sieving for study.

The dried CEBs obtained in pH of 10, 12, respectively,
were analyzed by XRD analysis on a Rigaku (Japan) D/max-
YA X-ray diffractometer to investigate the chemical species
and mode of occurrence of calcium within the CEBs. The
XRD analysis conditions were the same as that used for cal-
cium acetate compares to CEBs. The decomposition experi-
ments were carried out using a thermogravimetric analysis
(TGA) system on a DTG-60H detector. The samples were
evenly and loosely distributed in an open sample pan of 6.4
mm dia. and 3.2 mm deep, with an initial sample amount of
8 mg. Due to different bulk density, the depth of the sample
layer filled in the pan was about 1-2 mm. The temperature
change was controlled from room-temperature to 1,000°C at
a heating rate of 10 °C/min, and kept at the temperature for
30 min for the purpose of full calcination to calcium oxide.
The small amount of sample and the slow heating rate
ensures that the heat-transfer limitations can be ignored.”’21
An airstream was continuously passed into the furnace at a
flow rate of 50 mL/min at atmospheric pressure during devo-
latilization, and to carry away the decomposition products
from the reaction zones. The specific surface area of calcined
samples was measured by N, physisorption at 77 K in a Mi-
cromeritics ASAP 2020 M+C analyzer, and using the BET
multipoint method over a P/P range of 0-1.0.
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Table 3. Fractions of Volatile Products Released Along the Four Temperature Zones Defined by TGA

CA CEBI10 CEBI12
Temperature Mass Loss Temperature Mass Loss Temperature Mass Loss
Zones (°C) (Wt.%) Zones (°C) (Wt.%) Zones (°C) (Wt.%)
28-196 11.438 28-133 2.306 29-161 4312
- - 135-390 30.198 163409 16.965
363-483 32.298 395-555 44.061 410-531 22.342
607-744 25.666 556-726 11.795 533-756 23.927

Data Processing

An initial sample amount of all specimens was about 8§ mg
for TGA. The TG and derivative thermogravimetric (DTG)
curves obtained from TGA runs were carefully smoothed at
a smoothing region width of 0.2°C by using least-squares
smoothing method, and analyzed by using OriginPro 7.5.
Activation energy values were calculated with a specially
designed program in MS Excel, which took specific TG and
DTG data from the OriginPro Analysis software. To verify
the reproducibility of obtained mass loss curves, two sample
runs were performed under the same experimental conditions
for each kind of samples first. The approximate overlapping
of two weight loss curves from two separate test runs was
considered as reasonable agreement; otherwise, another two
runs were performed then to determine which one should be
chosen.

Result and Discussion
Physicochemical properties of CEBs

The content of calcium hydroxide in CEBs affects severely
the characteristics of CEBs. CEB10 was homogeneous liquid
before dried at 110°C, and could be sprayed into combustors
used as absorbents, but CEB12 exhibited the rapid phase sepa-
ration during the synthesis process, which was impossible to
use as liquid form. The chemical species and mode of occur-
rence of calcium within CEBs were analyzed by XRD, which
were shown in Figure 1. The broad X-ray diffraction pattern
of CEB10, which was typical for amorphous solids, confirmed
the absence of any ordered crystalline structure, and did not
match the peaks of pure calcium acetate or raw calcium hy-

droxide at all. This fact indicated that calcium hydroxide in
CEB10 was reacted with some components in bio-oil to form
amorphous organic calcium salts. For CEB12, all of its peaks
match those of the raw calcium hydroxide. This result should
be due to the impurity caused during the reaction, which may
be because of the raw material calcium hydroxide having a
higher crystalline degree than the organically bonded calcium.
These results imply the formation of an amorphous structure
of organically bonded calcium within the CEBs.

The TG results were shown in Figure 2. It can be found
that decomposition curves of CEBs were similar with that of
CA, which mainly consisted of four steps, also as can be
seen from Table 3. For CEBs, as the sample temperature is
raised, mass loss is continuous until CaCO; particles were
converted into CaO completely. The DTG curves of speci-
mens were listed in Figure 3. The initial decomposition step
of CEBs was due to the loss of water (free and hydration)
and volatile materials. Devolatilization and degradation of
unreacted organic materials (probably pyrolytic lignin)
occurred in the second mass loss step. Because almost all of
the organic materials in CA were in the form of organic cal-
cium salts, the mass loss of CA in the temperature zone was
not detected obviously. The third step and the quick decom-
position step of in CEBs took place initiating at about
430°C, and nearly the greatest mass loss during the decom-
position of organic calcium salts to CaCOj5 took place at this
stage. Calcium content of CEB10 was much lower than that
of CA, but the mass loss was higher at this stage. This fact
indicated the mass loss was not only due to the decomposi-
tion of organic calcium salts, but also due to some progress
of pyrolysis, and/or gasification of the carbon and organic
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Figure 3. DTG curves of specimens. CEBs calcined at 1,000°C
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Table 4. Surface Areas and Porosities of the Specimens
Calcined at 1,000°C

CA CEB10 CEB12
Surface area (mz.gfl) 30.0 17.6 154
Porosity (%) 76.4 86.3 83.4

compounds remaining in the adsorbents. The decomposition
rates of CEBs at this temperature zone were lower than that
of CA. The fourth and final decomposition step took place
starting at about 550°C, and the weight loss was mainly due
to the decomposition of CaCOj to CaO. At this stage, calci-
nation rates of CaCOj3 derived from CEBs was a little faster
than in the case of CA, and the termination decomposition
temperatures of CaCO3; were 726°C for CEB10, 744°C for
CA and 756°C for CEB12.

The nitrogen adsorption-desorption isotherms of CEBs af-
ter calcination at 1,000°C were presented in Figure 4. The
isotherms of particles from CEBs could be classified as being
of type H3 according to IUPAC classification, which were
characteristic of mesoporous material.*> Hysteresis is usually
attributed to different size of pore mouth and pore body.”
The observed hysteresis loops presented in the range of
0.55-0.9 P/P, for particles from CEB8 and CEB10, but
approached P/P, = 1 for particles from CEB12. As can be
seen from Table 4, the porosities of calcined CEBs were a
little higher than that of calcined CA, but their BET surface
areas were a lot lower. This suggests that CA-derived par-
ticles contain a larger number of finer pores which contribute
the most to heterogeneous sulfation reactions, if of course
pore plugging is not widespread. Actually, pore plugging is
unavoidable in utility boilers sulfation. Therefore, large po-
rosity and suitable surface area of particles from CEBs
should be beneficial for heterogeneous sulfation reactions.

Degradation kinetic analysis

The probable thermal degradation kinetic mechanisms were
evaluated from a TGA curve at a constant heating rate () by
Coats-Redfern method and Doyle method. In this study, E,
and A were not analyzed while the correlation coefficient (r)
was smaller than 0.98. The fitting results of Coats-Redfern
equation and Doyle equation were opened up in Table 5.

The most probable mechanism was chosen where two values of
E, and A calculated by two methods were very close to each other
with the best linearity, corresponding to the maximum correlation
coefficient at the stage of 20 < 1% < 60. Due to the approxima-
tion techniques used in the integration, the kinetic parameters
are more precise than those with the other methods."? The val-

ues of £, and A calculated by Coats-Redfern equation were cho-
sen to be optimal results. As can be seen from Table 5, the cor-
relation of mechanism Al (nucleation and nuclei growth, n =
1) was better for the third stage of CA thermal decomposition,
or the second and the third stages of CEB10 and CEB12 decom-
position. At these stages the thermal decomposition often
accompanied by melting (or softening) can be controlled by the
process of formation of a gas phase inside the specimens, and
by nucleation and nucleus growth in a heterogeneous me-
dium.** The high-porosity of the calcined CEBs or CA could be
the further evidence of the A1 mechanism. The high-porosity of
CEB-derived particles are due to the facts that the gases that are
formed during decomposition of the organic salts, and the
vapors formed from the violent boiling of the molten materials,
or of the droplets lead to the formation of bubbles inside the
decomposing structures, then the bubbles can coalesce under
some conditions into a single bubble, and while this happens,
the resulting particles have the form of cenospheres surrounded
by a thin shell of CaO perforated with a number of blow holes
through which the decomposition gases escaped. The kinetic
parameters, £, and A, at the second stages of CEB10 and
CEB12 resulted to be 15.748 kJ/mol and 1.35E+03 minfl,
20.044 kJ/mol and 3.91E+03 min ', respectively. The two
activation energies were in good agreement with literature data
of lignin decomposition.>>*® This result confirmed that devola-
tilization and degradation of pyrolytic lignin in the CEBs
occurred in the second mass loss step.

The E, in the third decomposition stages of CA, CEB10 and
CEB12 were 95.487 kJ/mol, 67.04 kJ/mol and 67.342 kJ/mol,
respectively. The E, of CA in the stage was in good agreement
with literature data.?”*® Obviously, the E, of CEBs at the stage
was lower than that in the case of CA. This fact should be the
further evidence of that the mass loss at this stage was not only
due to the decomposition of organic calcium salts, but also due
to some progress of pyrolysis, and/or gasification of the carbon
and organic compounds remaining in CEBs. After this stage, po-
rous calcium carbonate derived from CEBs was formed because
of the releasing of gas phase formed inside the specimens. How-
ever, CA-derived particles exhibited a much higher decomposi-
tion rate than particles from CEBs at this stage. In this study, we
have no idea how to understand why the particles from CEBs
had lower activated energy, but higher decomposition tempera-
ture at this decomposition stage.

Table 5 also showed that the mechanisms of the fourth
step in degradation process of all specimens except CEB12
were in better agreement with R3(3-D phase boundary reac-
tion) mechanism, assuming an isotropic shrinkage of a cubic
or spherical particle with a constant rate of interface

Table 5. Kinetic Parameters Calculated by Coats-Redfern Method and Doyle Method

Coats-Redfern Method

Doyle Method

Reaction
Samples Decomposition Stages Mechanisms E,/kJ-mol A/min r E,/kJ-mol ! A/min r
CA The third stage Al 95.487 3.16E+09 0.99038 95.522 3.46E+09 0.99133
The fourth stage R3 137.034 5.26E+09 0.99861 136.648 3.62E+09 0.99876
CEB10 The second stage Al 15.748 1.35E+03 0.9941 18.633 3.66E+03 0.99659
The third stage Al 67.039 6.83E+06 0.98771 68.667 1.53E+07 0.98954
The fourth stage R3 116.297 3.55E+08 0.99879 116.877 3.34E+08 0.99899
CEB12 The second stage Al 20.043 3.91E+03 0.99794 22.687 6.80E+03 0.99878
The third stage Al 67.341 6.86E+06 0.98242 69.011 1.54E+07 0.98501
The fourth stage Al 112.833 2.10E+08 0.99983 113.592 2.10E+08 0.99987
AIChE Journal July 2008 Vol. 54, No. 7 Published on behalf of the AIChE DOI 10.1002/aic 1949



advancement. The mechanism gives a good fit for previous
experiment data of the decomposition of calcium carbonate
in previous literature.”> The values of E, at this stage
resulted to be 137.035 kJ/mol, 116.297 kJ/mol and
112.834 kJ/mol for CA, CEB10 and CEBI12, respectively,
which were far lower than that of calcite decomposition
(about 163-250 kJ/mol'*°). Therefore, it is easy to under-
stand that CEB10 exhibits a little higher calcination rate than
CA at this decomposition stage. The result might be due to
the formation of nanoparticles with higher surface free
energy”’ in degradation processes of amorphous CEBs.

In addition, it was found that a high pH of CEB synthetic
medium was followed with a high content of residual
unreacted calcium hydroxide in CEBs. CEB12 exhibited a
lower decomposition starting temperature, and lower activa-
tion energy than that of CEB10 and CA at the fourth stage,
but a little lower calcination rate. The result should be
because of much residual unreacted calcium hydroxide
existed in CEB12. However, the high-porosity of the CEB-
derived CaCOj3 makes it exhibit a much higher calcination
rate than particles of limestones and calcites.>®

Conclusion

The content of calcium hydroxide in CEBs affects severely
the characteristics of CEBs. CEB10 was homogeneous liquid
before dried at 110°C, and CEB12 exhibited the rapid phase
separation during the synthesis process. Thermal degradation
process of CEBs might be comprised of four stages. The first
mass loss stage was due to the loss of water and/or small
volatiles. The kinetic parameters were not investigated in this
study for this stage. The second stage could be considered to
be the pyrolytic lignin decomposition. Organic calcium salts
and residual carbon were decomposed at the third stage. The
CEB-derived CaCO; particles were degraded at the last stage
for the formation of CaO particles. The CaO particles were
mesoporous materials of very high-porosity, more than 80%
and moderate surface area.

The kinetic analysis of last three steps of the four-step
decomposition of CEBs was carried out using the Coats-Red-
fern and Doyle methods. The actual mechanisms of the sec-
ond and the third stages obeyed nucleation and growth
model, Avrami-Erofeev function (Al), with integral form
F(x) = —In(1 — a), as well as the fourth stage of CEB12
decomposition. Correspondingly, the mechanisms of the
fourth stages of CA and CEB10 obeyed 3-D phase boundary
reaction (R3) mechanism, with integral form F(x) = 1—(1 —
). The apparent activation energies E, of CEBs thermal
decomposition were a little lower than that of CA at all
decomposition stages. The CaO particles obtained from
amorphous CEBs generated more easily than that from CA.
This advanced adsorbent used in the fossil fuel combustors
may improve the utilization of calcium in the process of
desulfurization.
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Notation

wo = initial weight of the sample, mg
w, = final weight of the sample, mg
w = actual weight of the sample, mg
f = heating rate, °C/min
o = degree of decomposition, reaction ratio
k = decomposition rate constant
T = absolute temperature, K
E, = activation energy, kJ/mol
[flo) = differential expression of a kinetic model function
F(o) = integral function of conversion.
r = correlation coefficient
R = gas constant, 8.314 J/mol-K

A = pre-exponential factor, min~'
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Appendix A: Mathematical Derivation of
Coats-Redfern and Doyle Equations

o T
do A
= =F(a) == [ ERTGT Al
e @) ﬁo/ ¢ (A

Where F(2) is the integral function of conversion. The tempera-
ture integral [ e~**"dT on the righthand side of Eq. A1 has no

exact analytical solution, but it can be approximated as follows
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In order to obtain the approximate formulas for temperature in-
tegral, let u is a polynomial vs. (&),dT = —£;du. Then
Eq. Al canbe given by Eq. A3

u

o—E/RT AE [ —e™ ~ AE
ﬁ/ dT—BR/ =GPl (A

u
where, P(u) = [ =%
P(u) can be derited as following

u u
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A combination of Egs. A3 and A4 leads to

T
Ee™ 21 31 4l

/e—E/RTdT Re (177+7,f+...) (AS)
u? u o u u

0
The front two items of the right item of Eq. A5 are taking as the
first-order approximate formular, the Coats-Redfern equation is

obtained
T
E Ee™ 2 E u—2
~ERTgr = p(y) =-S5 (1 _2) =E
/e d R (1) Ruz( u) Re(u3)
0
_ RT* 1 _ 2RT o~ E/RT
E E
and

=In—(1-=2
T2 BE E

Taking logarithm (base e) of the front two items of Eq. A4, we
can obtain the following expression

InP(u) = —u+1In(u—2) —3Inu(l —6) (A6)
Using Doyle’s approximation for In P(u), if 20 < u < 60, it is
obvious that —1 < ”g—go < 1. The integral P(u) can be expressed

F(o) AR( 2RT> E

as
10 u—40
InP(u) :—u—31n140+lr;(3)8+ <1+E % >
u—
- 3ln<1 +§- 20 ) ~ —5.3305 — 1.052u
and
InF(x) = ln/;—i —5.3305 — 1.052% %
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